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Rotations Mock Exam
10 MCQ 2 FRQ - 60 MINUTES
INSTRUCTIONS

DO NOT OPEN THIS TEST UNTIL YOU ARE TOLD TO BEGIN

o Use g = 9.8 N/kg throughout this contest.

o Test under standard conditions, which means that you must complete the test in 60
minutes in one sitting.

o This test contains 10 Multiple Choice Questions and 2 Free Response Questions.

o Correct answers will be awarded the points shown; leaving an answer blank will be
awarded zero points. The amount of partial credit is up to your discretion as the grader.
Our recommendation is to be more strict than necessary.

o A hand-held calculator may be used. Its memory must be cleared of data and programs.
You may use only the basic functions found on a graphing calculator. Calculators may
not be shared. Cell phones may not be used during the exam. You may not use tables,
books, or formula collections.

e The number in red next to each question represents the amount of points the question
is worth. There are a total of 40 points on this test.

» If you have any questions or clarifications, please contact us at tjhsstphysicsteam@gmail.com.

The creators of this exam are (in alphabetical order):

Aarush Deshpande, Eric Xie

Good luck and have fun! Turn the page to start the mock.
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10 MCQs

[2] Problem 1. A wheel of radius R is rolling without slipping with an angular velocity w. For

2]

a point A on the wheel at an angle § with respect to the vertical, what is the magnitude of
the velocity with respect to the ground?

A) wR

(4)
(B) wRsin(l9] /2)
(C) VawRsin(0] /2)
(D) 2wRsin(|6))

(E) 2wRsin(l9] /2)

Solution. The velocity has a contribution from the movement of the center of mass, and
from the rotation itself:
vV=vcum + Viangential
Because it’s rolling without slipping, we have vey = wR. The tangential velocity is wR as
well.
Splitting the tangential velocity into components, we have

V| = \/(wR sinf)? + (wR — wR cos 6)?
= V2wRV1 — cosf

0
3

Problem 2. A spring with a spring constant k; is attached to another spring with a spring
constant ks. ko is then attached to a mass, and the system begins to oscillate. The period of
oscillation of the system is of the form,

= 2wR sin

What is k.g?
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kiko
A) kg =
(A) e ky + ko
(B) k= 1102

(C) k?eff - 1{71 + ]{32

(D) by = (’,j) (hy — k)

(E) ke = (::) (ky + ko)

Solution. Note that if we only had a spring with spring constant ky, keg = k1. As such, the
question is asking us to simplify this problem to effectively having only one spring. Therefore,
the force on the mass must be Foq = —kog(z1 + x2), where 21 and x5 are the changes in
length of spring 1 and 2, respectively.

Force balancing at the intersection of the two springs gives

2
]{72132 = k1$1 — I1 = —I9

ki

Substituting the following gives

k
Fnet = _keffo <1 + 2)
k1

Now, by force balance on the mass, we have the only force acting on it to be spring 2.

Therefore, Fiot = —koxo. Setting the two equations equal gives us
ky ko
R
o k1 + ko

This arrangement of springs is called being in series.

Problem 3. Two rings of radius R = 2 m and mass 1 kg are attached a distance R apart,
as shown in Figure 3. They rotate about a point A at the intersection of the two circles, with
an angular velocity 4 rad/s. What is the angular momentum of the system, about an axis
perpendicular to the paper and going through the point A?
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16kg - m? /s

32kg - m?/s

)
)

C) 48kg - m?/s
) 64kg - m?/s
)

(E) 76kg - m?/s

Solution. The moment of inertia of a ring about it’s center of mass is mR2, so by the parallel
axis theorem the moment of inertia about one of its radii is

I, = mR? + mR? = 2mR?

Therefore the angular momentum of one ring is I,w. However, we have two rings, so the
angular momentum of the system is 2/,w = 4mR%*w = 64kg - m?/s, or @

Problem 4. Aarush holds a stick of mass m and length ¢ on one end, hanging down. Eric
shoots a ball of mass m with velocity v, and it collides inelastically with the stick a distance
x = d from the top. What is the value of d for which Aarush doesn’t feel a sting from the
collision? Alternatively, at what value of d does the edge of the stick not move at the instant
of collision if Aarush had not held the end in place? Ignore any effects from gravity.

The moment of inertia of a stick of length ¢ about an axis perpendicular to the plane
going through its center of mass is m¢?/12.

(A) ¢
®) ¢
© %
o) ¥
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Solution. If Aarush does not initially feel the impact of the collision, then the top end of
the rod remains stationary (like a pivot) even though Aarush does not exert a force on the
rod. Since there are no external forces or external torques on the rod-ball system, we may
use conservation of linear momentum and conservation of angular momentum. Starting with
angular momentum conservation, the initial angular momentum of the ball is:

L;, = mvd

The rod is initially stationary, so this is the total initial angular momentum of the system.
Following the collision, the ball sticks to the rod, so we let the contact point move with
velocity v’. The total angular momentum can be found by adding up the angular momenta

of the ball and the rod:
Lian = mv'd

1
Liog = 1w = gmlzw

Since the contact point is a distance d from the pivot, w = %. Therefore,
mi*v’
Lioa = lw =
¢ 3d

Solving for v’,
L; = Ly = Lyan + Lyog
ml?

mod = mv'd + —1'

3d
Using conservation of linear momentum,
mv = muv’ + Muey,

[

Since Ve = W=

2~ 2
mv = mv' + miv!
B 2d
Multiplying by d,
l /
mud = mv'd + mQU
Combining this with our equation for conservation of angular momentum:
' 2
mv'd + 0 = mw'd + ﬂ;—dv’

Therefore, d = %l, or

Problem 5. The following shapes roll without slipping down an inclined plane of angle 6,
and length ¢:
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1. A disk of mass m and radius R.

2. A spherical shell of mass m and radius R.

3. A spherical shell of mass 2m and radius R/2.
4. A sphere of mass m and radius R

5. A sphere of mass 2m and radius R

Given the moments of inertia are 2mR?/3 for a spherical shell, 2mR?/5 for a solid sphere,
and mR? /2 for a disk, rank the times taken for each shape to reach the bottom of the inclined
plane.

(A T3 T4 - T5
(B T<Ty<T3 < Ty < Ty
(C T1<T2 T4<T3:T5
(

D =T <Ty<Ty="1T;5

F T3<T2 T5<T1<T4
(G Ty=Ts<Ti <Ty ="1T;
(H T, <Ti<T5 < Ty ="1T;

) T
)
)
) T:
(E) Tr<Ty<Ty <Ty <T5
(F)
)
)
(D) Ts < T3 < Ty <Ty < Ty
)

(J Ty <Iys <ty <Ty <1y

Solution. Let us find the acceleration down the inclined plane for a shape with a moment
of inertia of the form BmR?, where /3 is a constant.

In such a case, take the axis as the point where the shape and the inclined plane meet.
In such a base, the moment of inertia is Io, = SmR* + mR? = (1 + )mR?, by the parallel
axis theorem. The torque contributed by friction and the normal force thus have a lever arm
of 0, and the only force giving a torque is gravity. The torque due to gravity is then

T =mgRsin@
Using 7 = I,ew@, we then have
mgRsin® = Le,a = (14 B)mR%a

Since the shapes roll without slipping, we have a = aR, and so a & 1/(14 /). For a constant
distance, we have by the kinematic equations that ¢ oc a='/? so the ones that roll down the
fastest have the lowest coefficient for the moment of inertia. Note that the acceleration is
independent of mass and radius!

Therefore, we end up with sphere < disk < shell, or .
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Problem 6. A thin slab of mass m and length ¢ hangs over a ledge. There is a pivot on
the left end of the slab that allows it to rotate about that point. A bullet of mass m and
velocity v hits the bottom-right edge of the slab as shown and gets stuck inside it. The slab
eventually comes to rest perfectly vertically. Given that the moment of inertia of a slab about
its tip is m¢?/3, find v.

“N

Solution. First, note that we will have to use conservation of angular momentum to find
the angular velocity after the collision, followed by conservation of energy to get the result.
Conservation of linear momentum does not work, because the table exerts a non-negligible
normal force (due to the slab being rigid). Also, just using conservation of energy does not
work because energy is lost in the inelastic collision.

Conserving angular momentum gives us

1
mul = <3m€2 + m€2> w
muv
4me2/3

When conserving energy, we have to be careful to use £/2 as the height for the slab, because
that’s the height of it’s center of mass.

> W =

1/1 14

5 <3mf2 + m€2) w? = mg; + mgl
3mv? 3 0

=-m

s 2

= v =24/gl
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Problem 7. A thin disk of mass M and radius R is rotating about its central axis at an
angular velocity wp. The disk has a very small hole made at a distance R/3 from its center.
The hole is suddenly covered by a rod, and the rod stays at rest afterward. With what
angular velocity does the disk start to rotate? Assume the disk is lying on a frictionless
surface. The moment of inertia of a disk about its center is M R?/2.

A 2&)0/3

B) 5wo/8

(A)
(B)
(C) Two/13
(D) Guwo/7
(E)

E) 9wp/11

Solution. Following the insertion of the rod, the rod exerts a large force to cause the disk
to start rotating about that axis. Because these forces act at the hole, there is no torque
about this point. Therefore, angular momentum is conserved about this point.

Since the center of mass of the disk does not move, the initial angular momentum is

1 2
Li =Jw= §M R wWo

. The final angular momentum is L; = I;ws, where Iy and w; are the final moments of
inertia and angular velocities around the pivot point.

Using the parallel axis theorem, the moment of inertia about the rod is:

It = I+ Md?

where d is the distance between the rod and the center of mass of the disk. Since d = R/3
and I, = :MR?,

1 1 11
I} =-MR*+_-MR*>= —MR?
F= Mty 18
1
The initial and final angular momenta must be equal to each other, so w = % = 51&4 A};;ﬁo.
18

The final angular velocity must then be: w = l%wo, or

Problem 8. A disk of radius 5 meters starts at rest at time ¢ = 0. It undergoes uniform
angular acceleration. At time ¢ = 3, a point on the rim is now moving at 7.5 m/s. At time
t = 3, what is the magnitude of the net acceleration that a particle 3 meters from the center
experiences, assuming that the disk continues accelerating at time t = 37

(A) 1.50 m/s?
(B) 6.75 m/s?
(C) 6.91 m/s?
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(D) 8.73 m/s?
(E) 9.02 m/s?

Solution. The net acceleration of the particle consists of two parts: an acceleration in the
tangential direction due to the angular acceleration and a centripetal acceleration in the
radial in direction.

At time t=3, the angular velocity of the disk, using the point on the rim, is given by
w=g= % = 1.5 s71. Since the angular acceleration was constant, « = ¢ = 13 = 0.5 s72.

t 3
The acceleration in the tangential direction is then
ap=ar=05%3=15m/s

where we plugged in » = 3 since the particle is a distance of 3 meters from the center of the
disk.
The centripetal acceleration of the particle is

a, = —
r

where again r = 3 and the velocity can be found using v = wr = 1.5%3 = 4.5. Therefore, a, =
% = 6.75 The magnitude of the acceleration would then be a = /a2 4+ a3 = v/6.75% + 1.52 =

6.91, or

Problem 9. Figure 1 shows a rotating skew rod. Two objects of mass 3 kg are attached to
a rod a distance 4m away from the axis of rotation, such that the angular momentum L of
the system about its center is at an angle o = 20° from the vertical, and the rod is spinning
with an angular speed w = 3rad/s. Which of the following is the closest to the magnitude of

L?
3kg Q) W
L
o
3kg
Figure 1: A Rotating Skew Rod
kg - m?
A) 250
(4) 2505
kg - m?
(B) 270~
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kg - m?

(E) 330

S

Solution. The angular velocities for both objects point up, so the structure must rotate
counterclockwise (as seen from above). The left object has a velocity pointing out of the
page, while the right object has a velocity pointing into the page. Using the formula for
angular momentum L=Fx mv, the angular momenta of both objects point in the direction
of L shown in the figure. The magnitude of each object’s angular momentum is mv{, where
¢ is the distance from the center of the rod to either object.

The velocity of the masses can be found using

UV =wr

where r is the perpendicular distance from the axis of rotation to either particle and is clearly
¢ cos a. Therefore, the total angular momentum of the system is

L = 2ml?w cos o

kg - m?
Plugging in all values, we find the angular momentum to be 270 & 1 , OT
s

Problem 10. One end of a stick of mass m and length ¢ is pivoted against a wall, and the
other end rests on a frictionless floor (see Figure 2). Let F; and Fg be the vertical forces on
the left and right ends of the stick, respectively. Then:

(A) Fr, > Fg

pivot \T

FLT

Figure 2: A Special Stick
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Solution.. Clearly, the rod does not experience any angular acceleration (the rod is in static
equilibrium), so the net torque on the rod about the center of mass must be 0. The forces
acting on the rod are the vertical forces F, and Fg, and gravity. Since gravity acts on the
center of mass, it exerts no torque. Letting the length of the rod be 1 and the angle from the
horizontal that the rod makes be 6, the magnitude of the net torque is then:

[
T = EFRCOSQ— §FLCOSH =0

Fr=1F}

Balancing forces in the vertical direction, we get Fr + F;, = mg Therefore, Fr = F, = mg/2,

OI‘

Free Response Questions

Problem 1. A circular disc is cut in half, to make a semicircle of mass m and radius R.

A) Find the moment of inertia of the new semicircle about the center of the original disk
via integration.

B) The semicircle is then angled at a slight angle 6y < 1 along its cut axis, and begins
to oscillate with a period T'. Find the distance from the axis of rotation to the center
of mass of the semicircle in terms of T', m, R, and any fundamental constants. The
moment of inertia of the semicircle about this axis is mr?/8.

semicircle edge

Figure 3: Part A
Figure 4: Part B, side view

Solution. A) We can add up the moment of inertia for each semicircular ring, from r = 0

to r = R. The area of each semicircular ring is dA = nrdr. Letting the density
m

TR2/2’

we then have

O’ pr—
dm = odA = owrdr.

The moment of inertia is just [r2dm, so we have

R
[:/ r?(omr)dr
0

R
:mr/ r3dr
0
_U7TR4_mR2
42
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B) Let the distance to the center of mass be d. Gravity exerts a torque of —mgdsin 6. For
Oy < 1, sinf = 6 so
Thet = —mgdf

mgd

This is equal to 10, by 7 = I Let w? = : in this case, we then have

—w?0 =40

This is the equation of an oscillation with angular frequency w. Therefore, the period

2
is T = 2. From there, we can solve for d:

w
I
T =2m| ——
" mgd
1
— TR —
m 2gd

T R?

— d:
2912

[10] Problem 2. An initially uniform disk of radius R has a circular hole with radius R/2 cut

out, as shown, where the center of the hole is a distance R/2 from the center of the disk.

The mass of the remaining "disk” is M. The disk is placed in a container where it can only

move in the vertical direction but can still rotate. At time ¢ = 0, the disk is connected to a
wheel that gives the disk an angular acceleration « counterclockwise.

The center of mass of this "disk” is given to be a distance R/6 from the center of the

original disk. After some time T, the disk will start to "jump” up and lose contact the lower

wheel momentarily because of the circular motion of the center of mass (it moves in a circle

of radius R/6)
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The disk

/Wheel (to turn the disk)

A) Find the time T where the disk begins to ”"jump” in terms of o, M, R, and any
fundamental constants. Assume that at time T, the period of the disk’s rotation is
much smaller than T.

B) At some time ¢, find the angular momentum of the disk in terms of ¢, a, M, R, and
any fundamental constants.

C) Using your answer for part b), find the angular momentum of the disk when it first
loses contact with the wheel.

Solution. A) The disk jumps up from the wheel because the center of mass moves in
a circle of radius R/6 around the center of the initial disk. Working in the rotating
reference frame of the disk, there is a centrifugal force acting on the center of mass
pointing radially out, which balances with the normal force from the wheel, normal
forces from the side of the container, and gravity.

At the moment when the disk loses contact with the wheel, the magnitude of the normal
force from the wheel on the disk is 0. Since the normal forces from the container have
no vertical components, the centrifugal force must cancel with the gravitational force.
The centrifugal force is maximum when the center of mass is directly above the center

of the disk. At this time, the magnitude of the centrifugal force is F. = m%w? Since
F.=F,
R,
mew” =mg
_ |Y9
“=\r
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C)

The time that it takes for the disk to acquire this angular velocity is T'= ¢ = i i_?
Correction: this solution assumes that at time T the center of mass of the disk will be
directly above the center of the disk, although this may not necessarily be true given
the original wording. This question has been modified slightly for clarification. The
actual answer would therefore be slightly greater than T to allow for the disk to rotate
to close to that position. However, for sufficiently small values of R, the value of w
for which the disk loses contact with the wheel becomes large enough that T is a good
approximation for the actual answer.

The disk rotates about its initial center, so the angular momentum is /w where I is
the moment of inertia about the center and w = at since the angular acceleration is
constant. Before the hole in the disk was made, the moment of inertia of the disk was
given by

where m’ = 3m because the hole accounts for 1/4 of the area of the initial disk, so it
must also account for 1/4 of the mass. Therefore,

2
Iy = gMR2

Now we focus on finding the moment of inertia about the center of the portion of the
disk that was removed. Using the same formula for moment of inertia at the center of
the disk, Iom, removed = 3% (5¥)? = ;M R?. We then use the parallel axis theorem to
find the moment of inertia of this section about the center of the large disk.

M R 1
Iremove == Icm remove: - \ A 2 = 7MR2
d : et 55 =3
The moment of inertia after the hole is made is then:
2 1 13
I=-MR*— -MR*= —MR?
3 8 24

13
Therefore, the angular momentum is Jw = %M R?w = ﬂM R%at

Plugging in our value for T into the answer for part b),

13 1 [6g 13 6g
L=_—_MRa|=\=|=|-"MR*|—=
24 Ra(a R) M R
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